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Abstract
The effect of grain size on the flow strength of FCC polycrystals was ana-
lyzed by means of computational homogenization. The mechanical behavior
of each grain was dictated by a dislocation-based crystal plasticity model in
the context of finite strain plasticity and takes into the account the formation
of pile-ups at grain boundaries. All the model parameters have a clear phys-
ical meaning and were identified for different FCC metals from dislocation
dynamics simulations or experiments. It was found that the influence of the
grain size on the flow strength of FCC polycrystals was mainly dictated by
the similitude coefficient K that establishes the relationship between the dis-
location mean free path and the dislocation density in the bulk. Finally, the
modelling approach was validated by comparison with experimental results
of the effect of grain size on the flow strength of Ni, Al, Cu and Ag.
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1. Introduction
Plastic deformation of metallic alloys is controlled by dislocation motion
and the strategies to increase the flow stress are always based in the introduc-
tion of obstacles to dislocation slip. Reducing the grain size in polycrystals
is an obvious choice and Hall [1] and Petch [2] reported a phenomenological
relationship for different metallic alloys between the yield stress σy, and the
average grain size, Dg, of the form
σy = σ∞ + CHPD
−0.5
g , (1)
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where σ∞ is the yield stress of a polycrystal with a very large grain size and
CHP is a material constant. Further experimental data as well as theoretical
investigations confirmed the increase in yield strength when the grain size
was reduced although the experimental data were better approximated when
the influence of grain size was introduced as D
−x
g with 0.5 ≤ x ≤ 1 [3, 4, 5, 6].
From the physical viewpoint, the presence of grain boundaries influences
the dislocation motion and dislocation storage because slip transfer is not
possible across most grain boundaries due to the misorientation of the slip
planes, leading to the formation of dislocation pile-ups at the grain bound-
aries [7, 8, 9]. The back-up stress induced by the pile-ups increases the critical
resolved shear stress necessary to nucleate and move dislocations within the
grain. Another implicit outcome of the misorientation between grain bound-
aries and of the anisotropy of the plastic deformation in each grain within
the polycrystal is the generation of geometrically-necessary dislocations near
the grain boundaries. They account for the deformation incompatibility be-
tween grains with different orientation and these additional dislocations also
contribute to the hardening. Different theoretical models have been pro-
posed in the past to account for the hardening induced by both mechanisms
[10, 11, 12, 6] but it is obvious that the overall hardening due to the presence
of grain boundaries depends on many factors (the FCC metal, the elastic and
plastic anisotropy of the grains, the initial dislocation density, the presence
of other obstacles to dislocation motion, etc.) that cannot be captured by
simple theoretical models.
Computational homogenization using crystal plasticity to describe the
behavior of each crystal is currently the most powerful strategy to simulate
mechanical response of polycrystals [13]. Grain boundaries are assumed to be
transparent for slip transfer in standard crystal plasticity models and, thus,
the effect of the grain boundary on the slip transmission is not accounted
for. Lower-order strain-gradient crystal plasticity models can account for the
effect grain boundaries through the density of geometrically-necessary dislo-
cations generated near the boundaries due to the deformation incompatibility
between grains with different orientations [14, 15]. Moreover, higher-order
strain-gradient crystal plasticity models can also control the dislocation flux
across the boundary by means of the higher-order boundary conditions [16].
Nevertheless, strain-gradient crystal plasticity models are computationally
very expensive and, thus, they are not suitable for large simulations involv-
ing many crystals in a polycrystal.
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Phenomenological crystal plasticity models can introduce the effect of
grain boundaries through different parameters that take into account the
increase in dislocation density near the grain boundary due to the formation
of dislocation pile-ups [17, 18, 19]. Within this framework, Haouala et al. [20]
recently developed a physically-based crystal plasticity model which was able
to reproduce very accurately the effect of grain size on the flow strength of
polycrystalline Cu. The model assumes the critical resolved shear stress is a
function of the dislocation density through the Taylor model [21], while the
dislocation density evolution during deformation follows a Kocks-Mecking
law [22]. The effect of grain boundaries is taken into account by including
the effect of the distance to the grain boundary in the term of the Kocks-
Mecking law that dictates the generation of new dislocations [23]. In this
way, the effect of dislocation pile-ups at the grain boundaries is considered.
One important feature of this model is that all parameters in the model
have a clear physical meaning and could be obtained from either dislocation
dynamics simulations in FCC polycrystals and from experimental observa-
tions in Cu. In this paper, this simulation strategy is extended to other FCC
metals: Ag, Al and Ni. As in the previous paper, the model parameters
were obtained from dislocation dynamics simulations or from experimental
observations in each metal. The simulations results were validated against
experimental data of the effect of grain size on the strength of these FCC
metals and, thus, the effect of different material parameters (similitude coef-
ficient, annihilation distance between dislocations, etc.) on grain boundary
strengthening was ascertained. This information can be very useful to design
new metallic alloys with enhanced grain boundary strengthening.
The outline of the paper is the following. After the introduction, the
crystal plasticity model and the computational homogenization strategy are
briefly recalled in sections 2 and 3, respectively. The simulation results and
the corresponding comparison with experimental data for Al, Ag and Ni are
included in Section 4, while the main conclusions of the paper are summarized
in the last section.
2. Physically-based crystal plasticity model
The physically-based crystal plasticity model recently developed by Haouala
et al. [20] has been used as constitutive equation for the grains in this study.
The mechanical behavior of each grain is dictated by a rate-dependent crystal
plasticity model in the context of finite strain plasticity and takes into the
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account the formation of pile-ups at grain boundaries. The model description
and implementation is described in detail in [20] but the main features are
briefly recalled here for the sake of brevity.
The plastic strain rate in each slip system α, γ˙α, can be obtained as a
function of the corresponding resolved shear stress on the slip plane and slip
direction, τα, according to [24, 25],
γ˙α = γ˙0
( |τα|
ταc
) 1
m
sgn(τα), (2)
where m stands for the strain rate sensitivity coefficient, γ˙0 is the reference
shear strain rate and ταc the critical resolved shear stress on the slip system
α.
It is assumed that the initial value of the critical resolver shear stress is
negligible (a reasonable assumption for pure FCC metals) and that increases
with the plastic strain due to the interactions between dislocations. Thus,
ταc is expressed by the generalized Taylor model [26] according to,
ταc = µb
√∑
β
aαβρβ (3)
where µ and b stand, respectively, for the shear modulus (parallel to the
slip plane) and the Burgers vector of the material, while ρβ accounts for the
dislocation density in the slip system β. aαβ are the dimensionless coefficients
that describe the strength of the different interactions between pairs of slip
systems. In the case of FCC materials, they were obtained from discrete
dislocation dynamics simulations [27, 28] and are given in table 1.
New dislocations are necessary to maintain the plastic flow during defor-
mation. They are generated as result of the interaction of dislocations with
obstacles. In the case of pure metals, the only obstacles (besides grain bound-
aries) are other dislocations and the rate at which dislocations are generated
depends on the average distance between dislocations. Moreover, disloca-
tions in different slip planes with opposite Burgers vectors are attracted to
the each other and can mutually annihilate. This is difficult in the case of
edge dislocations because it requires dislocation climb but it is easier in the
case of screw dislocations that can cross slip. These mechanisms can be taken
into account through the Kocks-Mecking phenomenological model [31, 22],
in which the net storage rate of dislocations per slip system, ρ˙α, is given by
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Table 1: Parameters of the dislocation-based crystal plasticity model for FCC metals.
Viscoplastic parameters[29]
Reference shear strain rate γ˙0 (s
−1) 0.001
Strain rate sensitivity coefficient m 0.05
Dislocation interaction coefficients:[27, 28]
Self interaction 0.122
Coplanar interaction 0.122
Collinear interaction 0.657
Hirth lock 0.084
Glissile junction 0.137
Lomer-Cottrell lock 0.118
Grain boundary dislocation storage coefficient Ks 5 [30]
ρ˙α =
1
b
(
1
lα
− 2ycρα
)
|γ˙α| (4)
where lα = K√∑
β 6=α ρβ
is the dislocation mean free path (MFP) in the system
α, ρβ are the dislocation densities in the other slip systems, and K is a di-
mensionless constant (known as the similitude coefficient [32]). The negative
term in eq. (4) accounts for dynamic recovery and is proportional to the
effective annihilation distance between dislocations, yc.
The effect of dislocation pile-ups at the grain boundaries was introduced
by Haouala et al. [20] by including another term in eq. (4), which was
expressed as
ρ˙α =
1
b
(
max
(
1
lα
,
Ks
db
)
− 2ycρα
)
|γ˙α|, (5)
where db stands for the distance to the grain boundary and Ks is a dimension-
less constant that controls the dislocation storage at the grain boundary due
to the formation of pile-ups [23]. Ks ≈ 5 was determined from 3D disloca-
tion dynamics simulations in the presence of impenetrable grain boundaries
in FCC polycrystals [30]. It is assumed that the formation of pile-ups under
these circumstances is mainly controlled by the elastic interactions between
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dislocations and, then, it should depend weakly on temperature and strain
rate.
3. Computational homogenization framework
The mechanical behavior in uniaxial tension of polycrystals with different
grain size was computed using a standard computational homogenization
framework using the finite element method [13]. The microstructure of the
polycrystal is represented using a cubic representative volume element with
equiaxed grains and random texture, generated using Dream3D [33] (fig.
1). The size of each grain was given by the diameter D of a sphere with
the same volume and the grain size in the polycrystal followed a log-normal
distribution with an average grain size Dg and a standard deviation of 0.2Dg.
The representative volume element of the microstructure contained 200
grains and was discretised using 50× 50× 50 cubic elements (C3D8 Abaqus
elements) (Fig. 1). The microstructure was periodic and periodic boundary
conditions were applied to opposite surfaces of the RVE to determine the
mechanical response. At the beginning of the simulation, the distance of each
Gauss point to the nearest interface along each slip system, db, was obtained
to be used in eq. (5). These values were assumed to be constant through the
deformation because the maximum applied strain was small (5%).
Simulations were carried out with Abaqus/Standard [34] within the frame-
work of the finite deformations theory with the initial unstressed state as
reference. More details about the computational homogenization strategy
can be found in [20].
4. Results and discussion
4.1. Parameter identification
The crystal plasticity model presented in section 2 depends on a number
of physical parameters characteristic of each FCC metal. They are identified
below in the cases of Al, Ni and Ag, while the corresponding values for Cu
can be found in [20]. The first set of values are the elastic constants and
the Burgers vector, that can be found in the literature [35, 36, 37]. They
are given in Table 2, together with the shear modulus µ parallel to the slip
plane, which can be computed from the elastic constants.
The similitude coefficient K is a dimensionless constant that arises from
the experimental observation (known as the similitude principle) that relates
6
Figure 1: Representative volume element of FCC polycrystal containing 200 crystals dis-
cretized with 125000 cubic finite elements.
the flow stress τ with the average wavelength of the characteristic dislocation
pattern d according to τ = Kµb/d. This experimental relationship holds for
monotonic and cyclic deformation of FCC metals and the similitude coef-
ficients under both conditions, K and K∗c , were carefully analyzed in [32].
The actual values of the similitude coefficient K under monotonic tension
found in the literature are in the range 5 ≤ K ≤ 10 and the large scatter is
associated with the experimental difficulties to measure the dislocations den-
sities and to determine the average diameter of the dislocation-free regions
[3]. However, the similitude coefficient under cyclic deformation (that relates
the saturation stress with the channel width between persistent slip bands)
could be measured more accurately for Ni and Al and Sauzay and Kubin [32]
reported that 2 ≤ K/K∗c ≤ 2.76. From the K∗c values reported in [32], K
was determined for Ni and Al assuming K = 2.76K∗c and the corresponding
values are found in Table 2. There were not enough experimental data to
provide a reliable value of K∗c for Ag but it seemed to be smaller than those
reported for Ni and Al and it was assumed that K = 5, which is in the lower
end of the experimental data reported in [3].
The last parameter of the crystal plasticity model is the annihilation dis-
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Table 2: Parameters for Al, Ni and Ag single crystals of the dislocation-based crystal
plasticity model
Al Ni Ag
Elastic constants (GPa)
C11 108 249 124
C12 61.3 155 93.7
C44 28.5 114 46.1
µ 25.0 58.4 19.5
Dislocation parameters
Burgers vector b (nm): 0.286 0.250 0.288
Annihiliation distance edge dislocations ye (nm) 6b [38] 6b [38] 6b [38]
Annihilation distance screw dislocations ys (nm) 113 [39] 26.5 [40] 23.5 [40]
Effective annihilation distance yc (nm) 56 14 12.5
Similitude coefficient K 9 [32] 11 [32] 5 [32]
tance between dislocations, yc, which depends on the dislocation character.
In the case of FCC materials, the annihilation distance between edge dislo-
cations, ye, can be approximated by 6b [38]. In the case of screw dislocations,
the annihilation distance, ys, depends on the ability of screw dislocations to
cross-slip, a thermally-activated phenomenon which depends on the stacking
fault energy of the crystal and also on temperature, strain rate and applied
stress. The values of ys for Al single crystals at ambient temperature were
taken from the experimental observations in [39]. Regarding Ni and Ag, they
were estimated from the dislocation dynamics simulations in [40] to predict
the saturation stress under cyclic deformation. They are summarized in
Table 2. Assuming equivalent fractions of edge and screw dislocations, an
effective annihilation distance yc = (ye+ys)/2 was used for each FCC crystal
in the crystal plasticity model.
4.2. Effect of grain size on the flow strength
The effect of the grain size on the tensile deformation of Al, Ag and Ni
polycrystals was analyzed using the computational homogenization frame-
work and the crystal plasticity models presented above. Four different sim-
ulations were carried out for each material, with average grain sizes Dg of
10, 20, 40 and 80 µm. The initial dislocation density in each slip system
in all simulations was 1011 m−2, leading to a total initial dislocation density
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ρi = 1.2 × 1012 m−2. All the simulations were performed under quasi-static
strain rates (≈ 10−3 s−1).
The engineering stress-strain (σ − ) curves are plotted in Fig. 2. An
additional simulation was performed for each material using the dislocation
evolution law of eq. (4), instead of eq. (5). These simulations do not take into
account the effect of dislocation pile-ups at the grain boundaries and, thus,
stand for the behavior of a polycrystal with ”infinite” grain size. The stresses
in each plot were normalized by the corresponding values of µb to reveal
more clearly the differences among the different FCC crystals as a result of
interactions, accumulation and annihilation of dislocations. The stress at the
onset of plastic deformation is the same for the three metals (when normalized
by µb) and different grain sizes and only depends on the initial dislocation
density, as dictated by eq. (3). Afterwards, the strain hardening depends
on three different phenomena: the strain hardening induced by the creation
of new dislocations in the bulk and by the dislocation pile-ups at the grain
boundaries and the strain softening due to the annihilation of dislocations.
The evolution of the average dislocation density, ρ¯, in each RVE with the
applied strain is plotted in Fig. 3.
The influence of the dislocation multiplication and annihilation in the
bulk can be analyzed for each metal in the stress-strain and average dislo-
cation density-strain curves for ”infinite” grain size in Figs. 2 and Figs. 3
(discontinuous lines). Dislocation multiplication is responsible for the initial
strain hardening, which increased as the similitude coefficient K decreases
(because the dislocation MFP is proportional to K). Thus, the initial strain
hardening of Ag was much higher than that of Ni and Al in the crystals with
infinite grain size because of the faster dislocation accummulation rate. The
average dislocation density increased with the applied strain and dislocation
annihilation also influenced markedly the strain hardening rate at higher
strains. The annihilation distance for screw dislocations was very large in Al
(owing to its high stacking fault energy) (Table 2) and the strain hardening
rate has decreased almost to 0 at low strains ( ≈ 2%) while the average dis-
location density remained very low (Fig. 3a). This behavior indicates that a
hardening-recovery equilibrium was almost reached and the rate of genera-
tion of mobile dislocations to maintain the plastic flow was balanced by the
rate of dislocation annihilation. On the contrary, the effective annihilation
distances of Ni and Ag were smaller than that of Al, and the steady-state
situation was not reached at  ≈ 5%. In particular, the strain hardening
rate in Ag was still very large at this strain because the generation of new
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Figure 2: Stress-strain curves of different FCC polycrystals as a function of the average
grain size, Dg. (a) Al, (b) Ni and (c) Ag. The initial dislocation density was ρi = 1.2×1012
m−2 in all cases. The symbols on the curves are just to distinguish the results for different
grain sizes.
dislocations was still dominant with respect to the dislocation annihilation
mechanism due to the small value of dislocation MFP (Fig. 3c).
The presence of grain boundaries increased significantly the flow stress of
all the FCC polycrystals, leading to the Hall-Petch behavior (Fig. 2). The
initial strain hardening rate increased as the grain size decreased and large
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Figure 3: Evolution of the average dislocation density, ρ¯ of different FCC polycrystals as
a function of the average grain size, Dg. (a) Al, (b) Ni and (c) Ag. The initial average
dislocation density was ρi = 1.2 × 1012 m−2 in all cases. The symbols on the curves are
just to distinguish the results for different grain sizes.
differences in the flow stress as a function of the grain size were found for
 = 0.5% as a result of the formation of dislocation pile-ups at the grain
boundaries, which increased the average dislocation density (Fig. 3). Never-
theless, dislocation annihilation became noticeable as the dislocation density
at grain boundaries increased, leading to a rapid reduction in the accumula-
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tion of dislocations and strain hardening rates. The influence of dislocation
annihilation increased with the applied strain and was also more noticeable
in polycrystals with smaller grain size. As a result, the dislocation accu-
mulation rates and the stress hardening rates at an applied strain of ≈ 5%
were practically independent of the grain size and only dependent on the
metal. They were minimum in Al (due to the large values of K and yc) and
maximum in Ag (due to the small magnitude of K and yc).
The strain hardening due dislocation pile-up at the grain boundaries de-
pended on the capacity of the material to generate and store dislocations at
the grain boundary as compared with the capacity to generate dislocations
in the bulk. The former is controlled by the dislocations storage coefficient,
Ks, which was assumed to be the same for all FCC metals. The latter de-
pends on the similitude coefficient K that was high in Ni and Al and low
in Ag. Thus, the dislocation MFP and the increase in dislocation density
with strain in the bulk was low in Ni and Al and large in Ag. As a result,
the initial strengthening due to the formation of grain boundary pile-ups was
more noticeable in Ni and Al, as compared with Ag.
The softening induced by dislocation annihilation tended to reduce the
high dislocation densities near the grain boundaries and was controlled by
the effective annihilation distance yc. It was maximum in the case of Al and
its influence is clearly observed in the stress-strain curves in Fig. 2a) because
the strain hardening rate for  > 2% was very low and equivalent to the one in
the polycrystal with ”infinite” grain size. Thus, the hardening contribution
due to the formation of pile-ups at the grain boundaries is compensated
by the dislocation annihilation when  > 2% and the Al polycrystals have
reached a hardening-recovery equilibrium in which the effect of the grain size
on the strain hardening disappears. In fact, the dislocation accumulation
rate in Al is practically independent of the average grain size for  > 2%,
as shown in Fig. 3a). The effective annihilation distance in Ni and Ag
was approximately one half of the one in Al and the strain hardening rate
of the polycrystals with ”infinite” grain size was equivalent to that of the
polycrystals with different grain sizes when  = 5%. In the case of Ni, the
strain hardening rate was almost zero (indicating that hardening-recovery
equilibrium was almost reached) and this conclusion is supported by the plot
of the evolution of the average dislocation density with the applied strain in
Fig. 3b), which shows that accumulation rate of dislocations was very low
for all grain sizes when  = 5%. On the contrary, the hardening rate in Ag
was still noticeable at this strain but independent of the grain size. These
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results indicate that strain hardening in Ag at  = 5% was controlled by
the generation of dislocations in the bulk and not by the storage of more
dislocations at the grain boundaries.
These mechanisms are illustrated by the contour plots of the total dislo-
cation density shown in Fig. 4 for Al, Ag and Ni polycrystals with average
grains sizes of 40 µm and 10 µm deformed up to 5%. The enhanced disloca-
tion density at the grain boundaries is immediately observed in each plot as
well as the effect of average grain size: the smaller the grain, the larger the
maximum dislocation density near the grain boundaries. For a given grain
size, the smallest dislocation densities in the bulk and in the grain bound-
aries are always found in the Al polycrystals, as a result of the large effective
annihilation distance (Figs. 4a and b). The comparison of the contour plots
of Ni and Ag (which have similar values of the effective annihilation dis-
tance) show that – for a given grain size – the dislocation density in the
interior of the Ag grains is higher than that in the interior of the Ni grains
because the similitude coefficient K (and, thus, the dislocation MFP) of Ag
is smaller than that of Ni. The maximum dislocation densities near the grain
boundaries are, however, very similar for both Ni and Ag for a given grain
size because their effective annihilation distances for dislocations were also
similar.
Following the Taylor model, eq. (3), the maximum stresses in the mi-
crostructure are found in the regions with the highest dislocation densities.
The contour plots of the Von Mises stress in the Al, Ni and Ag polycrystals
deformed up to 5% are shown in Fig. 5 for three different average grain
sizes: 10 µm, 40 µm and ”infinity”. The contour plots of the polycrystals
with ”infinite” grain size in Figs. 5c, f and i show fairly homogeneous stress
fields. The small stress concentrations at the grain boundaries are due to the
incompatibility during the elasto-plastic deformation of grains with different
orientation. Nevertheless, the formation of dislocation pile-ups at the grain
boundaries led to large stress concentrations (that are clearly visible in the
contour plots of the Von Mises stress in Fig. 5), which increased as the grain
size decreased, leading to the Hall-Petch effect. Although the contour plots
are similar for the different FCC metals with equivalent grain size, it should
be noticed that the differences in stress between the grain boundaries and
the bulk were higher in Ni and Al as compared to Ag.
The results presented above (Fig. 2) indicate the strengthening provided
by grain boundaries depends on the parameters that dictate the genera-
tion and annihilation of dislocations of the FCC metal (similitude coefficient
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Figure 4: Contour plots of the total dislocation density (expressed in m−2) in polycrystals
with different average grain size, Dg deformed in tension up to 5% strain. (a) Al, Dg =
10 µm. (b) Al, Dg = 40 µm. (c) Ni, Dg = 10 µm. (d) Ni, Dg = 40 µm. (e) Ag, Dg=10
µm. (f) Ag, Dg = 40 µm. The initial dislocation density was ρi = 1.2 × 1012 m−2 in all
cases.
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Figure 5: Contour plots of the Von Mises stress in polycrystals with different average grain
size, Dg deformed in tension up to 5% strain. (a) Al, Dg = 10 µm. (b) Al, Dg = 40 µm.
(c) Al, ”infinite” grain size. (d) Ni, Dg = 10 µm. (e) Ni, Dg = 40 µm. (f) Ni, ”infinite”
grain size. (g) Ag, Dg=10 µm. (h) Ag, Dg = 40 µm. (i) Ag, ”infinite” grain size. The
initial dislocation density was ρi = 1.2 × 1012 m−2 in all cases. Stresses are expressed in
MPa
K, effective annihilation distance yc). Based on the theoretical results [41]
and dislocation dynamics simulations [42], it was recently proposed that the
strengthening due to grain boundaries, σy−σ∞, scales with the average grain
size, Dg and the initial dislocation density in the polycrystal,
√
ρi, according
to [20],
σy/σ∞ − 1 = C(Dg√ρi)−x (6)
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where σ∞ is the flow stress for a polycrystal with ”infinite” grain size and C
and x are material constants. They are a function of the physical parameters
of the model for each FCC metal, namely the elastic constants, the simili-
tude coefficient, the Burgers vector and the annihilation distances between
edge (ye) and screw (ys) dislocations. ys depends on the ability of screw
dislocations to cross-slip and it expected to decrease as the temperature in-
creases. The strengthening induced by the grain boundaries in Al, Ni and
Ag has been plotted in Figs. 6a and b for applied strains  = 1% and 5%,
respectively, together with results reported in [20] for polycrystalline Cu1.
The initial dislocation density in all cases was ρi = 1.2 × 1012 m−2. The
results of the numerical simulations for  = 1% (Fig. 6a) indicate that the
grain boundary strengthening followed eq. (6) and the exponent x increased
slightly from 0.74 in Ni to 0.85 in Ag. The grain boundary contribution to
the strength increased with the similitude coefficient K and was maximum
for Ni and Al and minimum for Cu and Ag.
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Figure 6: Grain boundary strengthening in FCC metals (Ni, Ag, Al and Cu) as a function
of the dimensionless parameter Dg
√
ρi. (a)  = 1%. (b)  = 5%.
The results of the simulations at  = 5% (Fig. 6b) show the effect of the
annihilation of dislocations, which reduced the grain boundary strengthening
1The similitude coefficient of Cu was K = 6 and the effective annihilation distance yc
= 15 nm.
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and increased the magnitude of the exponent x in eq. (6). The smallest
differences between the grain boundary strengthening at  = 1% and 5%
were found for Al because the hardening-recovery equilibrium was practically
attained at 1% and the strain hardening rate was close to zero for larger
strains, regardless of the grain size. On the contrary, the largest reduction in
the grain boundary strengthening with the applied strain was found in Cu
and Ag.
4.3. Comparison with experiments
In order to assess the validity of the simulations presented above, the re-
sults of the numerical simulations for the flow stress as a function of grain size
were compared with experimental data in the literature for Al [43], Ni[44]
, Ag[45] and Cu [46]. Experiments were carried out at room temperature
under quasi-static loading conditions and thus the effect of the strain rate
on the flow stress could be neglected. Nevertheless, the experimental in-
formation about the initial dislocation density was not available and it was
assumed that it was equal to 1.2× 1012 m−2, a reasonable assumption for a
well-annealed polycrystal.
The experimental results and the numerical simulations of the flow stress
are plotted in Fig. 7 as a function of the inverse of the average grain size,
D
−1
g , for Ni, Cu, Ag and Al. The flow stresses were measured or computed
at different applied strains indicated in the legend. The agreement was good
in all cases indicating that the physically-based crystal plasticity model was
able to capture the main strengthening mechanisms due to the accumula-
tion and annihilation of dislocations in the bulk and at the grain boundaries
as well as the differences among FCC polycrystals. In general, the numer-
ical simulations tend to overestimate the flow stress for small grain sizes
(D
−1
g > 50 mm
−1 or Dg < 20 µm) and this behavior may be explained by
the fact that the grain boundary strengthening model in the constitutive
equation assumes that all grain boundaries store dislocations and does not
take into account the orientation of the crystals across the grain boundary.
Nevertheless, slip transfer between neighbour grains can be easily accommo-
dated in the case of grains with small misorientation. In addition, the finite
element crystal plasticity model may not represent adequately the inhomo-
geneous plastic deformation that occurs in small grains (below 10 µm) with
low dislocation densities because the voxel size is equivalent to the average
dislocation distance.
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Figure 7: Experimental and simulations results of the flow stress of Al, Ni and Ag poly-
crystals as a function of the inverse of the average grain size, D
−1
g . Solid symbols stand
for experimental results and open symbols for simulation results. The flow stresses were
measured or computed at different applied strains indicated in the legend.
Regardless of the general agreement of the model with the experimental
data, the limitations of the comparison should also be emphasized. The first
limitation arises from the experimental data, which do not include informa-
tion about the initial dislocation densities or the density of annealing twins
in the microstructures. Regarding the first point, it was assumed that all
the polycrystals were well-annealed and, thus, the initial dislocation density
was low in all cases. Annealing twins (often found in Ni, Cu and Ag) are
limited by coherent twin boundaries, which are also an obstacle for disloca-
tion transmission. Thus, they can reduce the effective average grain size and
lead to higher flow stresses. Twin boundaries could be easily included in the
computational homogenization framework as any other grain boundary but
they were not because the experimental information was not available. In
any case, it should be noted that increasing the initial dislocation density or
including coherent twin boundaries in the RVEs would have increased the
flow strength of the polycrystals.
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Another limitation of the predictive capability of the model comes from
the difficulties to obtain accurate estimates of some of the physical parame-
ters that control the mechanical response. They are the similitude coefficient,
K, the critical annihilation distance for screw dislocations, yc, and the dislo-
cation storage coefficient at the grain boundaries, Ks. While the values for
these parameters used in the simulations were reasonable and obtained from
either dislocation dynamics simulations or experimental data (see section
4.1), there was some uncertainty in the estimates. Moreover, yc is known to
depend on temperature and strain rate because dislocation cross-slip is ther-
mally activated but the only estimates available in the literature are found
for quasi-static deformation at ambient temperature. Thus, further experi-
mental and theoretical work is required to provide more accurate results for
these parameters as a function of the temperature and strain rate.
5. Conclusions
The effect of grain boundaries on the flow strength of FCC polycrys-
tals has been analyzed by means of computational homogenization using a
dislocation-based crystal plasticity model. The critical resolved shear stress is
a function of the dislocation density through the Taylor approximation, while
the generation and annihilation of dislocations follows the Kocks-Mecking
model. The effect of dislocation pile-ups at the grain boundaries is included
through an additional term in the Kock-Meckings model which is a function
of the distance to the grain boundary. All the model parameters have a clear
physical meaning and were identified for each FCC metal from dislocation
dynamics simulations or experiments.
The results of numerical simulations provided a deeper understanding of
the influence of the physical parameters that control the plastic deformation
of each metal on the Hall-Petch effect. The largest grain boundary strength-
ening was found in materials with large similitude coefficient K (such as
Ni and Al) while the contribution of grain boundaries to the strength was
smaller in metals with small similitude coefficient (such as Cu and Ag). The
dislocation mean-free path (that controls the generation of dislocations in the
bulk) is proportional to K and FCC metals with large similitude coefficients
and ”infinite” grain size show limited strain hardening. The dislocation ac-
cumulation at grain boundaries increased very much the strain hardening
rate in these materials, leading to a marked effect of grain boundaries on the
flow stress. The effect of grain boundaries on the strain hardening rate was
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also important in FCC metals with low values of K, but these materials also
presented a large strain hardening in the absence of dislocation pile-ups and
the overall contribution of grain boundaries was lower.
Finally, the model predictions for the effect of grain size on the flow
strength were compared with experimental data in the literature for Ni, Cu,
Ag and Al. They were in good agreement, particularly for grain sizes > 20
µm, validating the simulation strategy.
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